We present and analyze some random procedures for the construction of small dominating sets in graphs. Several upper bounds for the domination number of a graph are derived from these procedures.
Introduction
We consider finite, simple and undirected graphs G = (V, E) with vertex set V , edge set E, order n = |V |, and size m = |E|. The neighbourhood of a vertex u ∈ V in the graph G is the set N G (u) = {v ∈ V | uv ∈ E} and the closed neighbourhood of u in G is N G [u] = N G (u)∪{u}. The degree of u in G is the number d G (u) = |N G (u)| of its neighbours. For a set U ⊆ V let
A set of vertices D ⊆ V of G is dominating, if every vertex in V \ D has a neighbour in D. The minimum cardinality of a dominating set is the domination number γ(G) of G. A set of vertices I ⊆ V of G is independent, if no two vertices in I are adjacent. The maximum cardinality of an independent set is the independence number α(G) of G.
Dominating and independent sets are among the most well-studied graph theoretical objects. The literature on this subject has been surveyed and detailed in the two books by Haynes, Hedetniemi, and Slater [7, 8] . Natural conditions used to obtain upper bounds on the domination number involve the order of the considered graphs and the degrees of their vertices or just their minimum degree. While there are several results for small minimum degrees [9, 10, 12] asymptotically best-possible bounds in terms of the order and the minimum degree can be obtained by very simple probabilistic arguments [1] (cf. also [2, 11] ).
In the present paper we analyze random procedures for the construction of dominating sets in more detail. In Section 2 we generalize the argument from Alon and Spencer [1] which works in two rounds to several rounds. As observed in Section 3 several random procedures lead to bounds involving multilinear functions and the partial derivaties of these functions can be used to improve the bounds. Finally, in Section 4 we propose a new procedure for the construction of dominating sets which mimics a beautiful probabilistic argument for Caro and Wei's lower bound on the independence number [4, 13] .
Constructing a Dominating Set in several Rounds
A very simple probabilistic argument due to Alon and Spencer [1] implies that for every graph G of order n and minimum degree δ the domination number satisfies
which is asymptotically best-possible with respect to the dependence on δ. They construct a dominating set in two steps. They first select a set X of vertices containing every vertex of G independently at random with probability p and then they add the set R of vertices of G which are not yet dominated, i.e.
The bound on the domination number is obtained by estimating the expected cardinality of the dominating set X ∪ R in terms of p and optimizing over p ∈ [0, 1].
Here we consider a generalization of this approach which works in several rounds. A first natural idea would be to select a random set of vertices, a second random set of vertices among those vertices which are still not dominated by the first set, a third random set of vertices among those vertices which are still not dominated by the first two sets and so on. The problem with this approach is that the involved probabilities are hard to analyze because of accumulating dependencies. Therefore, we modify this idea as follows. We select k sets of vertices X 1 , . . . , X k independently at random. Now for every i = 1, . . . , k the set Y i will contain the vertices from X i which are not yet dominated by X 1 ∪ · · · ∪ X i−1 , i.e. Y i will in fact be similar to the sets described above. To avoid dependencies we add to
To make the analysis possible we still need to assume that the graph has no cycles of length less than five, i.e. its girth is at least five.
Theorem 1 Let G = (V, E) be a graph of maximum degree ∆ and girth at least five. For
. Proof: For 1 ≤ i ≤ k let X i be a subset of V which arises by choosing every vertex of G independently at random with probability p i . Let
and
Proof of Claim 1: We prove the claim by induction. For i = 1 the statement is trivial, since
In both cases we are done.
Again, in all cases we are done and the proof of the claim is complete. Note that, by the claim and the definition of R, the set
is a dominating set of G.
The expected cardinality of Y 1 is p 1 n. Now let 2 ≤ i ≤ k. Since the sets X 1 , . . . , X i−1 are chosen independently, the set X <i arises by choosing every vertex of G independently at random with probability
For some specific set U let
By the independence of the choice of the elements of the sets X j and by the girth condition, we obtain -in what follows we indicate the use of the independence by "(i)" and the use of the girth condition by "(g)"
.
This implies that
for every vertex v ∈ V . Finally,
for every vertex v ∈ V . By linearity of expectation, we obtain
and the proof is complete. 2 Theorem 1 still leaves the task to find good values for the probabilites p 1 , . . . , p k . In order to compare it for instance to the bound (1) of Alon and Spencer, we present some numerical results for d-regular graphs and different numbers of rounds. Table 1 gives the numerically optimal value for the bound on
|V | in Theorem 1 for 3 ≤ d ≤ 10 and 1, 2, 3 and 11 rounds. For comparision we also list the value of (1). Table 1 Numerical results for Theorem 1
For the results using 11 rounds the numerically optimal p i 's are listed in Table 2 . Table 2 Optimal choices for the p i 's
Optimizing the Results of Random Procedures
Many random procedures constructing dominating sets essentially yield a bound on the domination number in terms of a multilinear function depending on the involved probabilities.
For instance, if we use an individual probability p u for every vertex u ∈ V of the graph G = (V, E) in the procedure of Alon and Spencer [1] , then the expected cardinality of the resulting dominating set equals
. This is in fact a multilinear function, i.e. fixing all but one variable results in a linear function.
To obtain a compact expression as a bound one often sets all values of p u equal to some p and solves the arising one-dimensional optimization problem over p ∈ [0, 1].
Here we propose a modification of this approach. Given values for the probabilities p u the partial derivatives of the multilinear bound indicate changes of the p u which would decrease the value of the bound. Depending on the partial derivatives we will reset the p u to 0 or 1. To allow for some further flexibility we use a parameter b in order to decide which values to modify in which way.
Given a multilinear function f (x 1 , . . . , x n ), some x ∈ (0, 1), and some b ≥ 0 consider the following algorithm A b (x).
1. For i from 1 to n do:
2. For i from 1 to n do: if f x i (x 1 , . . . , x n ) > −b, then x i := 0, else x i := 1.
3. For i from 1 to n do: if f x i (x 1 , . . . , x n ) ≤ −b, then x i := 1. (x 1 , . . . , x n ) .
Output
Theorem 2 Let G = (V, E) be a graph with vertex set V = {v 1 , v 2 , . . . , v n } and minimum degree δ. Let f (x 1 , . . . , x n ) be a multilinear function such that
Furthermore, for some b ≥ 0 and every x ∈ [0, 1] let the Algorithm A b (x) produce a vector (x 1 , x 2 , . . . , x n ) with the property that
Before we proceed to the proof of Theorem 2 we introduce some terminology. Given the situation described in Theorem 2 we will call a vertex
The property described in Theorem 2 means that Algorithm A b (x) produces a vector (x 1 , x 2 , . . . , x n ) for which the critical vertices have pairwise distance at least three. If the function f -associated to the graph G -has this property, then we say that f has property P b .
Proof of Theorem 2: Let G, b and f be as in the statement of Theorem 2.
Since f is multilinear, we have for all
For some
Proof of Claim 1: By (2), γ(G) ≤ f (x, . . . , x). We consider the Algorithm A b (x). After Step 1, (x 1 , . . . , x n ) = (x, . . . , x). If during Step 2 some x i = x is replaced by 1, then, by (3), the value of f (x 1 , . . . , x n ) decreases at least by b (1 − x) . Similarly, if during Step 2 some x i = x is replaced by 0, then, by (3), the value of f (x 1 , . . . , x n ) increases at most by bx. Furthermore, if during Step 3 some x i = 0 is replaced by 1, then x i = x was replaced by 0 in Step 2 and summing the effect of the changes in x i made by Step 2 and Step 3, f (x 1 , . . . , x n ) decreases at least by b(1 − x) in total. Altogether,
which completes the proof of the claim. 2
Let k be the number of critical vertices and let D be obtained by adding all critical vertices to M . Clearly, D is a dominating set of G, γ(G) ≤ |D| = |M | + k, and, by Claim 1,
Since f has property P b , (4) and (5) yields
Since x was arbitrary in [0, 1], the theorem follows. 2
We will now show an application of Theorem 2. Our next lemma gives an upper bound on the domination number in terms of a multilinear function as required for Theorem 2 (similar bounds are contained in [5] ). Additionally we have to verify property P b for some b.
where
Furthermore, the function f in (7) has property P 1 .
Proof: Let (x 1 , ..., x n ) ∈ [0, 1] n and let X ⊆ V be a set of vertices containing every vertex v i independently at random with probability x i . Let
and let I be a maximum independent set in the subgraph
By the Caro-Wei inequality [4, 13] ,
This implies that γ(G) is at most the expression given on the right hand side of (6) . For the converse, let D be a minimum dominating set. Note that for every vertex
and the proof of (6) is complete. Now we proceed to the proof that f has property P 1 . Therefore, let x ∈ [0, 1], let (x 1 , . . . , x n ) be the output of Algorithm A 1 (x) and let v i and v j be two critical vertices. For contradiction, we assume that 
, then during the execution of Step 3
In both cases, we obtain the contradiction that either x i or x k would be set to 1 by Step 3 and the proof is complete. 2
Theorem 2 and Proposition 3 immediately imply the following result for b = 1.
is a graph of order n and minimum degree δ, then
for every x ∈ [0, 1].
For δ ≥ 3 we can derive the following bound.
Corollary 5 Let G be a graph of order n and minimum degree δ ≥ 3. The equation (δ + 1)(1 − x) δ + x δ = 2 has a unique solution x 0 ∈ 0, 1 2 for which
Proof: We will first show that the contribution of every vertex to the bound in Corollary 4 decreases monotonously with its degree provided that x is within a certain range.
Proof of Claim 1: We prove the inequality (
and we consider the problem of minimizing this term with respect to x ∈ 1 δ 3 ,
Note that ∂ ∂x
Claim 2
The function h(x) is strictly decreasing for x ∈ 0, Table 3 Numerical results for Corollary 5
Working along a Random Permutation
The following very simple probabilistic argument yields a proof of the well-known lower bound for the independence number of a graph due to Caro [4] and Wei [13] . Let G = (V, E) be a graph. For a random linear ordering v 1 , . . . , v n of its vertices let Our aim is to mimic this approach in order to construct dominating sets. A first attempt to do so would be to start with an empty set D and then -following some random linear ordering -to add the vertices of a graph G one by one to D exactly if they have no neighbour in D. As in Section 2 the analysis of this approach is difficult, because of accumulating dependencies. We modify the described procedure in such a way that every vertex which still might be useful for dominating a neighbour following later in the linear ordering belongs to the constructed dominating set at least with some small probability. While the mentioned dependencies are still there, this modifications allows an analysis leading to an upper bound. , for p * * = √ ρ and ρ ≤ 
Output D.
Clearly, D is a dominating set. Note that for every 0 ≤ k ≤ d G (v i ) we have
Furthermore, since every vertex v j for which N − j does not contain all its neighbour belongs to D with probability at least p, we have
